Gravitational field of a stationary circular cosmic string loop has been studied in the context of full nonlinear Einstein's theory of gravity. It has been assumed that the radial and tangential stresses of the loop are equal to the energy density of the string loop. An exact solution for the system has been presented which has a singularity on the axis of the symmetry, but is regular for any finite distance from the axis of the loop.
Phase transition in the early universe might have produced some topological defects [1] . One of these defects, cosmic strings, have attracted a lot of interests amongst cosmologists for various reasons [2] . Cosmic strings are capable of producing observational effects such as the double images of quasars and also they are considered to be possible candidates as seeds for the galaxy formation.
Moreover, strings are believed to sustain the cosmological evolutions unlike other defects.
In some gauge models, strings do not have any end, and thus they are either of infinite extent form or closed circular loops. One of the most notable features of the gravitational field of a straight infinite cosmic string is the presence of an "angular deficit" in an otherwise Minkowskian spacetime having a magnitude related to the linear energy density µ of the string by the equation δφ = 8πGµ.
In fact, this angular deficit plays the key role for the production of the double images of a quasars [3] - [6] .
The deficit angle model is widely believed to be a good approximation for describing a spacetime exterior to the string core. Frolov, Israel and Unruh (FIU) [7] used this approximation for studying a closed circular cosmic string loop at a moment of time symmetry. With the help of the initial value formulation [8] , they produced a family of momentarily stationary circular cosmic strings, which are considered as thin loops either at the time of formation or at the turning point of expansion and collapse. An important assumption in this work is that all points on the circular string be conical singularities with angular deficit equal to that of a infinite straight string of equal linear energy density. Hughes, McManus, and Vandyck [9] investigated further the problem of angular deficit of circular string. They considered a weak field stationary solutions of Einstein's field equations for a thin circular string and also established that radial stress should be introduced to support the string loop against possible gravitational collapse. They determined the form of the radial stress from the stress energy conservation relations. The main result of their study is that under weak field assumption, circular string produces the same angular deficit as straight infinitely long string having the same linear energy density. In another work, McManus and Vandyck [10] considered a string loop with a rotation of the loop which provides the necessary centrifugal reaction partially or fully in order to avoid the possible gravitational collapse.
In the present work, we have assumed the form of the energy momentum tensor for circular string as that proposed by Hughes et.al [9] . But unlike the work of Hughes et.al, we have taken the nonzero components of T µ ν to be function of both r and z. With some simplified assumptions, we have been able to produce a set of exact analytical solutions of the full nonlinear Einstein's equations for a circular string. The spacetime, we have obtained, have a singularity on the axis of symmetry, but is regular for any finite distance from the axis of the loop.
A circular cosmic string loop produces an axially symmetric gravitational field, and the most general static metric of this type may be written as [11] 
where the three functions ν, ξ, η are functions of r and z and (t, φ, r, z) denotes the cylindrical coordinates.
We have taken the form of the energy momentum tensor for the circular string loop as prescribed by Hughes et.al [9] :
and all other components of T (1) and (2), we make an assumption that all the nonzero components of T µ ν are equal, i.e.
With this assumption and with the line element (1), the Einstein's equations become:
In the above equations an overhead dot represents differentiation w.r.t r and prime represents differentiation w.r.t z.
The conservation equations (T µ ν;µ = 0) give the relationṡ
and
We see immediately from (6) that, in order to have the energy density σ to be nonzero, we should have,
Equation (5) can be integrated to give
where C(z) is an arbitary function of z.
Now we make the simplifying assumption that the metric coefficients are separable functions of their arguments i.e. ξ = ξ 1 (r) + ξ 2 (z), ν = ν 1 (r) + ν 2 (z) and η = η 1 (r) + η 2 (z). Equations (8) then shows that σ will be also separable function of its arguments.
In what follows we will find the possible solutions of the full nonlinear Einstein's equations given by (4a)-(4e) with these assumptions.
Equations (4a)-(4e) can now be written as,
As the right hand side of both equations (9a) and (9b) are equal, one can equate the r part and z part of these equations.
By equating r part of (9a) and (9b), one can get after some simple calcula-
With the assumption of separability of the metric coefficients, the radial part of equation (7) reads like
With (11) and (10), one can have from (9e), the relation,
From eqn(12), it is easy to calculate that either ξ ′ 2 = 0 or 4ν 1 =η 1 .
In this work, we present the solutions where ξ ′ 2 = 0 and 4ν 1 =η 1 . Therefore,
C 0 being a constant.
From eqn (11) , with the help of (13) one gets,
With eqn(13), eqn(9d) becomes,
where K is the constant of separation.
With (10), (13), (14) and (15), (9a) and (9b) reduce to a single equation,
and eqn(9c) becomesη
From the z part of eqn(15) and using (14) we have
where A 0 is an arbitrary constant of integration.
Combining eqn (16) and (17), we geẗ
which, with the use of eqn(10) becomes
for whichη 1 = 0 is a solution which is used in our subsequent calculations.
The other case isη 1 η 1 = 2ν 1 , and this is not considered in the present work.
Hence for our case
Using (20) and (10) in the r part eqn(15), we get on integration
where
Eqn (10) and (21) together yield the solution of ξ 1 as
Hence the complete line element for a circular cosmic string loop with radial tangential stress equal to the energy density, is given by
where n = √ K and a 2 = K/5.
One can calculate the energy density σ from either (16) or (17) which becomes,
One can see from the above equation that σ → ∞ only for r → 0. As the proper radius R is given by R = me −ar [1 − e −5ar ] −2/5 dr, it is readily seen that r → 0 implies that R → 0, hence, the spacetime has a singularity on the axis of symmetry.
In conclusion, we have presented the exact line element for a circular cosmic string loop in the context of a full nonlinear Einstein's theory of gravity. The solutions presented here are, however, not the most general ones, as we have assumed that both the radial and tangential stresses are equal in magnitude to the energy density of the string and also assumed the metric components to be separable as products of functions of r and z, but this is perhaps the first attempt for obtaining the solutions of the full nonlinear Einstein's equations for a circular string. The exact solutions for the spacetime for a circular string loop, given by Hughes et.al [9] are based on a linearized approximation of the field equations. The solutions presented here, have a singularity on the symmetry axis of the string loop, but it is perfectly regular for any finite distance from the axis of the string loop.
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